Restrictions on purely kinetic k-essence 
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We restrict purely kinetic k-essence. Assuming the equation ol state is a power law of the kinetic 
energy: w = woX a , to obtain accelerated phases, we must have a > as one of necessary conditions, 
constrained from the conditions for stability and causality, and the k-essence must behave like 
phantom. We also study the evolutions of the equation of state and the speed of sound with 
numerical simulation. 
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I. INTRODUCTION 



In the last decade a convergence of independent cosmo- 
logical observations suggested that the Universe is experi- 
encing accelerated expansion. An unknown energy com- 
ponent, dubbed as dark energy, is proposed to explain 
this acceleration. Dark energy almost equally distributes 
in the Universe, and its pressure is negative. The sim- 
plest and most theoretically appealing candidate of dark 
energy is the vacuum energy (or the cosmological con- 
stant A) with a constant equation of state (EoS) param- 
eter to = — 1. This scenario is in general agreement with 
the current astronomical observations, but has difficulties 
to reconcile the small observational value of dark energy 
density with estimates from quantum field theories; this 
is the cosmological constant problem. Recently it was 
shown that ACDM model may also suffer age problem 
[l| . It is thus natural to pursue alternative possibilities to 
explain the mystery of dark energy. Over the past decade 
numerous dark energy models have been proposed, such 
as quintessence, phantom, k-essence, tachyon, (General- 
ized) Chaplygin Gas, DGP, etc. k-essence, a simple ap- 
proach toward constructing a model for an accelerated 
expansion of the Universe, is to work with the idea that 
the unknown dark energy component is due exclusively to 
a minimally coupled scalar field <f> with non-canonical ki- 
netic energy which results in the negative pressure Q . A 
feature of k-essence models is that the negative pressure 
results from the non-linear kinetic energy of the scalar 
field. Secondly, because of the dynamical attractor be- 
havior, cosmic evolution is insensitive to initial condi- 
tions in k-essence theories. Thirdly, k-essence changes 
its speed of evolution in dynamic response to changes in 
the background EoS. 

K-essence scenario has received much attention, it was 
originally proposed as a model for inflation |3], and 
then as a model for dark energy [2J. In several cases, 
k-essence cannot be observationally distinguished from 
quintessence [4j. A method to obtain a phantom ver- 
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sion of FRW k-essence cosmologies was devised in Q. 
The stability of k-essence was studied in [fj| . Dynamics 
of k-essence were discussed in [7( . Conditions for stable 
tracker solutions for k-essence in a general cosmological 
background were derived in [8|. Slow-roll conditions for 
thawing k-essence were obtained in [9J. A connection 
between the holographic dark energy density and the ki- 
netic k-essence energy density was discussed in [lfj| . An 
holographic k-essence model of dark energy was proposed 
in [11] . The geometrical diagnostic for purely kinetic k- 
essence dark energy was discussed in [l2|]. The equiva- 
lence of a barotropic perfect fluid with a k-essence scalar 
field was considered in [lj| ■ A linear k-essence field model 
on a brane universe was examined in [l4| . Models of dark 
energy with purely kinetic multiple k-essence sources that 
allow for the crossing of the phantom divide line were in- 
vestigated in 15[. The thermodynamic properties of of 
k-essence was discussed in [l6| . Models of k-essence uni- 
fied dark matter were discussed in [17H19J . Theoretical 
and observational Constraints on k-essence dark energy 
models were discussed in [2fj| - |22| . In Ref. [23|, a model 
independent method of reconstructing the Lagrangian for 
the k-essence field by using three parametrizations for the 
Hubble parameter H(z) was studied in detail. With as- 
sumptions on the EoS of k-essence as functions of the 
scale factor a, Ref. [24] discussed the forms of the La- 
grangians. In this paper, we will restrict on purely kinetic 
k-essence with some assumptions on the EoS of k-essence 
as functions of the kinetic energy X, and study the evo- 
lution of purely kinetic k-essence. 

This paper is organized as follows, in the following sec- 
tion, we review the model of k-essence and study its evo- 
lution. In Sec. Ill, we restrict on purely kinetic k-essence. 
Finally, we shall close with a few concluding remarks in 
Sec. IV. 



II. BRIEFLY REVIEW ON K-ESSENCE 

As a candidate of dark energy, k-essence is defined as a 
scalar field cf> with non-linear kinetic terms which appears 
generically in the effective action in string and supergrav- 
ity theories, its action minimally coupled with gravity 



generically may be expressed as 0, y, [25[ 
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where X = ^d^ipd^cj). We assume a flat and homoge- 
neous Friedmann-Robertson- Walker (FRW) space-time 
and work in units 8irG = c = 1. In this case, we have 
X = i(/> 2 , implying X > 0. 

The Lagrangian p and the energy density of k-essence 
take the forms, respectively: 
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here F(X) is a function of the kinetic energy X and 
Fx = dF/dX. The corresponding EoS parameter and 
the effective sound speed are given by 
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(4) 
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dp/dX F x + 2XF XX ' 

with Fxx = d 2 F/dX 2 . The definition of the sound 
speed comes from the equation describing the evolution of 
linear adiabatic perturbations in a k-essence dominated 
Universe 1251 (the non-adiabatic perturbation was dis- 
cussed in [26], here we only consider the case of adia- 
batic perturbations). Perturbations can become unsta- 
ble if the sound speed is imaginary, c 2 < 0, so we insist 
on c 2 > 0. Another potentially interesting requirement 
to consider is c 2 < 1, which says that the sound speed 
should not exceed the speed of light, which suggests vio- 
lation of causality. Though this is an open problem (see 
e. g. 27-32]), we still impose this condition. 

Note that the EoS w and the sound speed c 2 do not 
depend explicitly on V((f>) in any case. Without loss of 
generality, we take V((f>) to be a constant discussed in 
Refs. 17, 20 24, 33]; in other words, we consider a purely 
kinetic fc-essence models in which p — VqF(X). In Refs. 
(l7l I22I |33| , a theoretical constraint on purely kinetic k- 
essence was obtained 

XF X = k Q a- 6 , (6) 

where fco is a constant of integration. Given any forms 
of F(X), Eq. ([6]) gives the evolution of X, then the 
evolution of the EoS parameter w and the sound speed 
c 2 as a function of the scale factor a. In this case, solution 
© can be considered as a theoretical constraint on purely 
kinetic k-essence. Next, we constrain purely kinetic k- 
essence by using Eq. © with assumptions on the EoS 



III. RESTRICTIONS ON PURELY KINETIC 
K-ESSENCE 

We here restrict on the evolution of the k-essence by 
using Eq. ^ with a particular ansatzes for the EoS of 



k-essence. From Eq. (J4J, we see the EoS w depend ex- 
plicitly on the kinetic energy X, while depend implicitly 
on a by Eq. ©, so we assume the EoS is a function of 
the kinetic energy X. 

As a simple case, we consider a power law: w — woX a 
with wq a nonzero constant. When a = 0, w is a con- 
stant. It is will known that in this case the energy density 
is p ex a~ 3 ( 1+w \ for radiation w — 1/3, matter w = 0, 
and a cosmological constant w = — 1. For a nonzero con- 
stant w, we obtain from Eq. Q 



F(X) = F X X—* 



(J) 



where F\ is a nonzero constant of integration. To obtain 
this equation, we do not assume a constant potential. So 
F\ can be a function of <fi and takes the role of potential. 
Combining Eqs. © and (O, we have 



X = k\a 



—§w 



(8) 



This is the evolution of the kinetic energy X. This equa- 
tion can also be obtain from the fact F(X) — wp ex 
a -3(i+tu)_ yy e n0 |; e that when the k-essence evolves as 
radiation (w = 1/3), the kinetic energy X evolves as 
spatial curvature. Combining Eqs. ([5]) and (TIT)]) , we get 

(9) 

Considering the condition for stability, we have w > 0, 
meaning there is no accelerated phase in purely kinetic 
k-essence model with constant EoS. 
When a / 0, we obtain from Eq. (jj) 



F(X) = F 2 VXe- 0x ~ 



(10) 



where /? = 1/(2qwo) and F<i a nonzero constant of inte- 
gration. Also F-i can be a function of cf> and takes the role 
of potential. Considering the case of a constant potential, 
and combining Eqs. ([5]) and (I10[) . we obtain 
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where k 2 is a positive constant. This is the equation 
restricting the evolution of k-essence. Combining Eqs. 
© and Uni), we get 



(2a/3 + X a )X a 



2aj3[2aP + {I - 2a)X 2a P}' 



(12) 



From the conditions of stability and causality: < c 2 < 
1, we obtain: 

(I) (-a - Va 2 + l) X~ a < w < -X- a (there are 
accelerated phases) or < u>o < (—a + \Ja 2 + l) X~ a 
(there are no accelerated phases) for a > 0; 

(II) < wo < (—a + Va 2 + l) X~ a (there are no ac- 
celerated phases) for a < 0. 

These conditions constrain on not only a and wq , but 
also X. It is obvious that to obtain accelerated phases 
we must have a > as one of necessary conditions, and 
k-essence evolves as phantom. 




FIG. 1: The evolution of EoS w as the function of a, for dot 
line, a — 0.2, wo = —1, k-2 — 0.1, and 1 < X < 2; for dash 
line, a — 0.5, wo — —1, fe = 0.05, and 1 < X < 2; for dash- 
dot line, a = 1, wq = —1, &2 = 0.05, and 1 < X < 2; for solid 
line a = 2, w = -2, fe 2 = 0.1, and 0.75 < X < 1.25. 




FIG. 2: The evolution of the speed of sound cf as the function 
of a for the same value of a, wo, fc, and X taken in Fig. 1. 



We study the evolution of k-essence with numerical 
simulation by using Eq. (jlip . We only concentrate on 
the cases in which there are accelerated phases. In Fig. 1, 
we plot the evolution of EoS of k-essence as the function 
of a for some value of a, wq, ki, and X. It is obvious 
that in all these cases the EoS w increases with a, evolves 
like phantom with w < — 1, and run close to cosmological 
constant in the future. In Fig. 2, we plot the evolution 
of the speed of sound of as the function of a for the same 
value of a, wq, fc2, and X taken in figures of w(a) in the 
same line. It is obvious that in all these cases the speed of 
sound Cg decreases with a, and < c^ < 1 which means 
the model is stability and causality. 

IV. CONCLUSIONS AND DISCUSSIONS 

With a assumption that the EoS is a power law of the 
kinetic energy: w — wqX", we have restricted on purely 
kinetic k-essence and studied its evolution by using the 
theoretical constraint, Eq. ©. We have restricted the 
forms of the Lagrangian p. From the conditions for sta- 
bility and causality, we have Constrained on a, wq and 
X. When a < 0, there are no accelerated phases. To 
obtain accelerated phases, we must have a > as well 
as wo < (this is obvious) as necessary conditions, and 
the k-essence behaves like phantom. We have plotted the 
evolutions of EoS and the speed of sound in cases pre- 
senting accelerated phases. In all these case, the EoS of 
k-essence increases with a and run close to cosmologi- 
cal constant in the future. While the speed of sound cj? 
decreases with a and runs close to zero in the future. 
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